where n ≥ 3 carries a homogeneous parabolic conformally symplectic structure of Grassmannian type. The main result of this article is that on G + 2 (R n+2 ) lives an elliptic complex of invariant differential operators of length 3 which starts with the 2-Dirac operator and that the index of the complex is zero.
Introduction
A parabolic conformally symplectic structure (or PCS-structure for short) of Grassmannian type on a manifold M of dimension 2n ≥ 6 is a Grassmannian structure with auxiliary (oriented) vector bundles E and F of rank 2 and n, respectively, together with a conformally symplectic structure which is Hermitian in the Grassmannian sense, see Section 4.1. In particular, there is an isomorphism T M ∼ = E * ⊗ F and a conformal class of (positive definite) bundle metrics on F . This geometric structure is equivalent to G 0 := GL + (2, R) × SO(n)-structure which satisfies some integrability condition. It turns out that there is a canonical compatible linear connection on T M which can be equivalently viewed as a principal connection on the G 0 -structure. If the G 0 -structure lifts to aG 0 := GL + (2, R) × Spin(n)-structurẽ G 0 → M , then the principal connection lifts (in a unique way) to a principal connection on theG 0 -structure and thus, it induces a covariant derivativẽ ∇ on any associated vector bundle.
Let S be a complex spinor representation of Spin(n). We extend this representation toG 0 , see Section 3.4 for details, and put S :=G 0 ×G 0 S. As T * M is associated to aG 0 -representation with underlying vector space R 2 ⊗R n * , see Section 4.1, there is a vector bundle map γ : T * M ⊗S → E ⊗S that is induced by aG 0 -equivariant map R 2 ⊗ R n * ⊗ S → R 2 ⊗ S. It follows that there is a linear differential operator of first order, called the 2-Dirac operator, which is invariantly defined by where the second map is induced by γ. If x ∈ M , {e 1 , e 2 } is a basis of E * x , {ε 1 , . . . , ε n } is an orthonormal basis 1 of F x and ψ ∈ Γ(S), then
(ε α .∇ e 1 ⊗εα ψ, ε α .∇ e 2 ⊗εα ψ)(x).
Here we use the Grassmannian structure so that we can view e i ⊗ ε α ∈ T x M and ε α . ∈ End(S) denotes the usual Clifford multiplication on S.
If M = R 2n with its flat PCS-structure of Grassmannian type, then / D is the 2-Dirac operator studied in [8] . The 2-Dirac operator can be viewed as a generalization of the Dirac operator in Riemannian geometry. On the other hand, / D is overdetermined and it turns out that it is the first operator in a sequence of natural differential operators. This sequence is, as explained in the series [3] , [4] and [5] together with a preliminary article [6] , obtained by descending the sequence of natural differential operators studied in [11] from a geometric structure in one dimension higher. If M = R 2n , then the descended sequence is locally exact and thus, it forms (see [12] ) a resolution of the 2-Dirac operator.
In this paper is considered a similar sequence of invariant operators which lives on the Grassmannian G + 2 (R n+2 ) of oriented 2-planes in R n+2 . The Grassmannian carries a homogeneous PCS-structure of Grassmannian type with structure group G 0 which does not lift toG 0 -structure. Nevertheless, it lifts to a G c 0 := GL + (2, R)× Spin c (n)-structure and since the complex spinor representation of Spin(n) extends to Spin c (n), there is the spinor bundle associated to the G c 0 -structure. Fixing a principal connection which lifts the canonical connection, we can define the 2-Dirac operator over G + 2 (R n+2 ) as in (1.1).
We will show (see Theorem 5.4) that the 2-Dirac operator over G + 2 (R n+2 ) is the first operator in an elliptic complex of linear invariant operators and we will prove (see Theorem 5.6 ) that its index is zero. In order to construct the complex, we will adapt (see also Remark 4.2) the descending scheme introduced in the series [3, 4, 5] and we will show that the elliptic complex descends from the 2-Dirac complex introduced in [11] .
The author is grateful to AndreasČap and Micheal C. Crabb for valuable comments and suggestions. The author wishes to thank the unknown referees for their valuable suggestions which considerably improved the current manuscript.
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Preliminaries
In Section 2 we will recall some well known material on the group Spin c (n), spin and spin c structures. This material can be found for example in [9] .
2.1. Spin, spin c groups and spinors. Let ρ n : Spin(n) → SO(n), n ≥ 2 be the standard 2:1 covering with ker(ρ n ) = {±1}. If n ≥ 3, then Spin(n) is a universal cover of SO(n) and ker(ρ n ) is the center of Spin(n). If n = 2, then Spin(2) ∼ = SO(2) ∼ = U(1) = {e it | t ∈ R}, ρ 2 (e it ) = e 2it and so(2) ∼ = u(1) = {it : t ∈ R}. We will for brevity write −a := (−1).a = a.(−1), a ∈ Spin(n).
The group Spin c (n) is the quotient of U(1) × Spin(n) by the normal subgroup Z 2 = {±(1, 1)} and so there is a short exact sequence
where we for a moment denote by π the canonical projection. As Z 2 is a discrete subgroup, the Lie algebra of Spin c (n) is u(1)⊕ so(n). We for brevity put e it , a := π(e it , a) so that e it , a = e is , b if and only if a = b, e it = e is or a = −b, e it = −e is .
The maps Spin(n) → Spin c (n), a → 1, a and U(1) → Spin c (n), e it → e it , 1 are clearly injective homomorphisms of Lie group and so we may view Spin(n) and U(1) as subgroups of Spin c (n). If n ≥ 3, then U(1) is the center of Spin c (n). We obtain short exact sequences:
where ρ c n ( e it , a ) = ρ n (a) and ς n ( e it , a ) = ρ 2 (e it ). Lemma 2.1. There is a short exact sequence of Lie groups
and a commutative diagram
where ι is an embedding and △ is the standard block diagonal embedding.
Proof. The first claim is clear. To prove the second claim, we need to show that ρ −1 n+2 (△(SO(2) × SO(n)) ∼ = Spin c (n) and this is straightforward.
Let (W, γ) be a complex representation of Spin(n). If γ(−1) = − Id W , then
where a ∈ Spin(n), t ∈ R and v ∈ W, is a complex representation of Spin c (n). In particular, this applies for W = S.
2.2.
Spin and spin c -structure. Let q : E → M be a U(1)-principal bundle (or simply a circle bundle), ∂ t be the fundamental vector field corresponding to i ∈ u(1), Ω p (E) U(1) be the space of U(1)-invariant p-forms on E and i ξ be the insertion operator associated to a vector field ξ ∈ X(E). Any principal connection on E → M is of the form iα where α ∈ Ω 1 (E) U(1) and i ∂t α = 1. The space of principal connections is an affine space over Ω 1 (M ), i.e. any principal connection is equal to i(α + q * θ) for a unique θ ∈ Ω 1 (M ). Since dα ∈ Ω 2 (E) U(1) and i ∂t dα = 0, there is a unique Ω ∈ Ω 2 (M ) such that dα = q * Ω. Obviously, dΩ = 0 and by a remark above, it follows that the cohomology class [Ω] ∈ H 2 (M, R) depends only on E → M . The class
[Ω] is integral and it is called the Chern class of E → M .
Let P → M be a SO(n)-principal bundle and F := P × SO(n) R n be the associated vector bundle. A spin structure on F is a Spin(n)-principal bundleP → M together with a fiber bundle mapP → P over the identity map Id M on M which is in each fiber compatible in an obvious way with ρ n . We also say thatP → M is a lift of P → M to spin structure. It is well known that F admits a spin structure if and only if the second StiefelWhitney class w 2 (F ) of F is zero.
A spin c structure on F is a Spin c (n)-principal bundle P c → M together with a bundle map P c → P over Id M which is compatible with ρ c n . A spin c structure exists if, and only and if there is an integral class X ∈ H 2 (M, Z) such that ρ(X) = w 2 (F ) where ρ :
Using the short exact sequences (2.3) and (2.4), we define
Then there is a commutative diagram
It is easy to see that P ′ → M is isomorphic to the fibered product E × M P → M and that E × M P → E is isomorphic to the pullback q * P → E where q : E → M .
Let us now assume that g M is a Riemannian metric on M and that F = T M . The Levi-Civita connection can be viewed as a principal connection ω on P. If M admits a spin structureP → M with a lift t :P → P, then t * ω is the canonical spin principal connection induced by the Levi-Civita.
On the other hand, it may happen that M admits only a spin c -structure P c → M . Let E → M be the associated circle bundle. Then as we observed above, P c → E × M P is a 2:1 covering and so a principal connection on P c → M is the pullback of a principal connection on E × M P → M . If p 1 : E × M P → E and p 2 : E × M P → P are the canonical projections and iα is a principal connection on E → M , then p * 1 iα⊕p * 2 ω is a principal connection on E × M P → M . We see that there is a family of natural principal connections on P c → M and each member of this family is determined by a principal connection on E → M .
3. Lie contact structure and 2-Dirac complex A Lie contact structure is (see Section 3.1) a contact structure which is associated to a (unique) contact grading on so(2, n + 2). We will need in this article two types of Lie contact structures, an effective one (see Section 3.2) and a non-effective one (see Section 3.3). In order to properly define the the 2-Dirac complex introduced in [11] , we will need (see Section 3.4) the non-effective structure. See [7, Section 4.2.5] for more about the Lie contact structure.
3.1. Lie contact structure. Let n ≥ 3 be an integer, δ be the Kronecker delta, {τ 1 , τ 2 , ε 1 , . . . , ε n , τ 1 , τ 2 } be the standard basis of R n+4 and h be the symmetric bilinear form on R n+4 determined by h(
and α, β = 1, . . . , n. The signature of h is (2, n + 2) and we will for brevity denote (R n+4 , h) by R 2,n+2 . The associated Lie algebra g := so(h) ∼ = so(2, n + 2) is
Then g is a direct sum of the following five subspaces
It is straightforward to verify that:
, j ∈ Z where we agree that g i = {0} if |i| > 2. II. g −1 generates g − := g −2 ⊕ g −1 as a Lie algebra. Hence, the direct sum is a |2|-grading on g. As dim(g −2 ) = 1 and since the Lie bracket Λ 2 g −1 → g −2 is non-degenerate, it follows that g − is a Heisenberg algebra and that the |2|-grading is a contact grading.
Notice that g 0 ∼ = gl(2, R) ⊕ so(n). We will view any representation of gl(2, R) or so(n) also as a g 0 -module by letting the other factor act trivially. Then there are isomorphisms of g 0 -modules
where E and F is the defining representation of gl(2, R) and so(n), respectively. By the Jacobi identity, the Lie bracket
Using the isomorphisms from (3.3), it is easy to see that there is (up to constant) a unique g 0 -equivariant map
where the first map is the canonical projection and in the second map we trace, using the standard inner product, over the second component.
3.2.
Effective Lie contact structure. Put g i := ⊕ 2 j=i g j , G := SO o (2, n+ 2) where the subscript o stands for the connected component of the identity element of the given group and Ad be the adjoint action. We call
the parabolic subgroup 2 associated to the contact grading on g and
the Levi subgroup of P. It is easy to see that
Let M ♯ be a manifold of dimension 2n + 1 with a contact distribution H. Then a Lie contact structure of type (G, P) on M ♯ with underlying contact structure H is given by a G 0 -principal bundle p
is the vector bundle over G Equivalently, this geometric structure is given by a pair of auxiliary vector bundles E ♯ and F ♯ of rank 2 and n, respectively, together with a bundle metric on F ♯ such that H ∼ = E ♯ * ⊗ F ♯ and for each x ♯ ∈ M ♯ the Levi form L x ♯ is invariant under the resulting action of the orthogonal group O(F ♯ x ♯ ). An infinitesimal symmetry of the Lie contact structure of type (G, P) is
is a well defined vector field. It is well known that ξ 0 is uniquely determined by ξ and hence, we will often view ξ 0 as ξ and vice versa without further comment. We call ξ 0 a transversal infinitesimal symmetry if for each
Assume that V is an irreducible G 0 -module. The space of sections of
Let us now consider the homogeneous model G/P. The tangent bundle of G/P is isomorphic to the associated vector bundle G × P g/p. As g −1 is a P-invariant subspace of g, it follows that H = G× P (g −1 /p) can be viewed as a distribution over G/P of co-dimension 1 which is well known to be contact. Moreover, we can take G ♯ 0 = G/ exp(g 1 ) and use the Maurer-Cartan form on G to construct the forms θ ♯ i , i = −2, −1. This gives the homogeneous Lie contact structure of type (G, P) on the homogeneous model.
Let us now be more explicit. It is easy to see that P is the stabilizer of the totally isotropic 2-plane [τ 1 , τ 2 ] where we denote by square brackets the linear span of the given vectors. As G acts transitively on the Grassmannian G o 2 (R 2,n+2 ) of totally isotropic 2-dimensional subspaces in R 2,n+2 , we may view G/P as G o 2 (R 2,n+2 ). In order to view G/P as a Stiefel variety, choose subspaces R 2 and R n+2 of R 2,n+2 with bases {f 1 , f 2 } and {e 1 , . . . , e n+2 }, respectively, such that:
(ii) h| R 2 is negative definite with orthonormal basis {f 1 , f 2 } and (iii) h| R n+2 is positive definite with orthonormal basis {e 1 , . . . , e n+2 }.
. Since x ♯ is totally isotropic, it follows that (v 1 , v 2 ) is an orthonormal 2-frame. On the other hand, any such orthonormal 2-frame determines a maximal totally isotropic subspace in R 2,n+2 . We see that
The stabilizer K ♯ of R 2 and R n+2 in G is (with respect to the new basis of R 2,n+2 ) the standard block diagonal subgroup SO(2)×SO(n+2). Obviously, K ♯ is a maximal compact subgroup of G and the canonical K ♯ -action on
where A ∈ SO(2), B ∈ SO(n+ 2) and we view (v 1 , v 2 ) as the corresponding matrix (v 1 |v 2 ) ∈ M (n+2)×2 (R). It is easy to see that the action is transitive and that
is the stabilizer of
We can view a tangent vector at (
Proof. Let G 2 (R n+4 ) be the Grassmannian of 2-dimensional subspaces in R n+4 and x ♯ ∈ G 2 (R n+4 ). Then T x ♯ G 2 (R n+4 ) is canonically isomorphic to the space of linear maps ψ :
) if and only if the bilinear form on
⊥ and without loss of generality we may assume that im(ψ) ⊂ R n+2 . Then the claim easily follows.
3.3. Non-effective Lie contact structure. LetG := Spin o (2, n + 2) and ρ 2,n+2 :G → G be the standard 2:1 covering. We define the parabolic subgroupP ofG corresponding to the contact grading on g as before for G and denote byG 0 its Levi subgroup. It is clear that G/P ∼ =G/P and that
is a maximal compact subgroup ofG which, see Lemma 2.1, is isomorphic to Spin c (n + 2).
Proof. Recall (3.7). It follows thatH ♯ is isomorphic to the quotient of the group {(e it , e is , a)| e it , e is ∈ U(1), a ∈ Spin(n) : e it = ±e is } by the normal subgroup generated by {(−1, −1, 1), (−1, 1, −1)} such that, if we denote by e it , e is , a the class of (e it , e is , a) in the quotient, the map ρ 2,n+2 |H ♯ :
Then it is straightforward to verify that the map is well defined, bijective and that it is a homomorphism. The inverse homomorphism is SO(2) × Spin(n) →H ♯ , (e is , a) → e is 2 , e is 2 , a . Composing this with ρ 2,n+2 |H, the last claim follows.
It is clear that we can choose the subspaces R 2 and R n+2 and the bases {f 1 , f 2 } and {e 1 , . . . , e n+2 } so that H ♯ andH ♯ is a maximal compact subgroup of G 0 andG 0 , respectively. By Lemma 3.2, it follows thatG 0 ∼ = GL + (2, R)× Spin(n) and that ρ 2,n+2 |G
A Lie contact structure of type (G,P) on a manifold M ♯ of dimension 2n + 1 with a contact structure H is given by a Lie contact structure
The subspace of diagonal matrices is a maximal commutative subalgebra of M (2, R) = gl(2, R). Hence, a weight of gl(2, R), and thus also of GL + (2, R), can be given by a pair of real numbers. We denote by E λ a real irreducible GL + (2, R)-module with highest weight λ and by S the complex spinor representation of Spin(n). Then V λ := E λ ⊗ S is an irreducibleG 0 -module. We call (3.9) the 2-Dirac complex.
be a Lie contact structure of type (G,P). Let V λ i , i = 0, 1, 2, 3 be the irreducibleG 0 -modules associated to
(n + 3, n + 1) and λ 3 = 1 2 (n + 3, n + 3)
as explained above and put V 
of order 1,2,1 respectively. The sequence is on the homogeneous model a complex.
Proof. The operators were (see [11] ) constructed using the machinery of the splitting operators and the curved Casimir operator. As these are linear and natural differential operators, the operators in (3.9) are also linear and natural. Moreover, it was verified directly that on the homogeneous space it is a complex.
2) The 2-Dirac complex is not a BGG-sequence. However, it (see [10] ) arises as the direct image of a relative BGG complex and so it fits into the scheme of the Penrose transform. Using this approach, one can reprove that on the homogeneous model the 2-Dirac complex is a complex of differential operators.
PCS-structures of Grassmannian type
We will recall (see Section 4.1) the definition of the PCS-structure of Grassmannian type. Original results are given in Sections 4.2 and 4.3.
4.1. PCS structure of Grassmannian type. Let M be a manifold of dimension 2n ≥ 6. We call a line subbundle ℓ of Λ 2 T * M an almost conformally symplectic structure (or acs-structure for short) if each ω ∈ ℓ is either zero or a non-degenerate 2-form. We call ℓ a conformally symplectic structure (or cs-structure for short) if in addition, each x ∈ M has an open neighborhood U with an everywhere non-zero section σ : U → ℓ| U which is closed as a 2-form.
Recall (see [7, Section 4.1.3] ) that an almost Grassmannian structure of type (p, q) on a smooth manifold N of dimension p.q is given by two auxiliary vector bundles E and F of rank p and q, respectively, together with an isomorphism T N → E * ⊗ F and a fixed trivialization of Λ p E ⊗ Λ q F . In this paper we will always assume that E, F are oriented. It is easy to see that the structure is equivalent to a reduction of the frame bundle of N to structure group
Definition 4.1. A parabolic almost conformally symplectic structure (or PACS-structure for short) of Grassmannian type on a manifold M of dimension 2n ≥ 6 is given by a Grassmannian structure of type (2, n) with auxiliary oriented bundles E and F together with an almost conformally symplectic structure ℓ ⊂ Λ 2 T * M which is Hermitian in the Grassmannian sense, i.e. ℓ is contained in Λ 2 E ⊗ S 2 F * . We call the structure a parabolic conformally symplectic structure (or PCS-structure for short) of Grassmannian type if ℓ is conformally symplectic.
As ℓ and Λ 2 E are line bundles and F is oriented, we see that a Hermitian acs-structure ℓ determines a conformal class of bundle metrics on F and conversely, a conformal class of metrics on F determines a Hermitian acsstructure. The signature of any metric from the class is an invariant of the acs-structure. Here we will consider only the positive definite case.
A PCS-structure of Grassmannian type on M is equivalent to a certain G-structure p 0 : G 0 → M . Any such structure carries a tautological form θ, called the soldering form, which is an equivariant g −1 -valued 1-form on G 0 whose pointwise kernel is the vertical subbundle. Lemma 4.1. A PACS-structure of Grassmannian type is equivalent to a G 0 -structure (G 0 , M, p 0 , θ).
Proof. By above, a conformal class of positive definite metrics on F is equivalent to a reduction of the structure group from G gr to G gr ∩ (GL
is an isomorphism between the latter group and G 0 , the claim follows.
There is (see [3] ) a canonical linear connection on T M which is compatible with a given PACS-structure (of any type). This linear connection is determined by a normalization condition on its torsion, see [3, Corollary 4.3] . It turns out that the intrinsic torsion splits into two components. The first component is an invariant of the underlying acs-structure ℓ, and it vanishes if and only if ℓ is a cs-structure. The other component is called a harmonic torsion. If the PACS-structure is of Grassmannian type, then there is an isomorphism
If it is a PCS-structure, then the canonical connection is pinned down by the requirement that its torsion is a section of (4.1)
where the subscript 0 denotes the trace-free part.
Let us now recall [4, Definition 2.4]. We will call α from Lemma 4.2 a compatible contact form. 
induced by ρ c n : Spin c (n) → SO(n) and ς n : Spin c (n) → U (1) and (2.4), respectively.
Assume that G c 0 → M is a G c 0 -principal bundle which lifts a G 0 -principal
is the total space of a U(1)-principal bundle over M which we call the associated determinant circle bundle. The subgroup Z 2 is normal and the quotient space G ′ 0 := G c 0 /Z 2 is the total space of a G 0 × U(1)-principal bundle over M . The canonical projection G ′ 0 → M ♯ is a G 0 -principal bundle which is isomorphic to the pullback bundle q * G 0 → M ♯ . All together there is a commutative diagram
where we use same notation as in (2.7).
Assume now that G 0 → M is the principal bundle of a PCS-structure of Grassmannian type. A principal connection on G c 0 → M which lifts the canonical principal connection on G 0 → M is determined by a choice of a principal connection on M ♯ → M . If the principal connection on M ♯ → M is compatible, as defined at the end of Section 4.1, with the underlying cs-structure, then there is an additional geometric structure on M ♯ . 
(ii) Let (W, ϑ) be anotherG 0 -module, (W, ϑ c ) be the induced representation of G c 0 and put
is a linear differential operator which is natural to the Lie contact structure of type (G,P). Then there is a unique linear differential operator D : Γ(V ) → Γ(W ) such that the following diagram commutes:
The space Γ(V ) is canonically isomorphic to the space of smooth V-valued G c 0 -equivariant functions with domain G c 0 . As G c 0 is generated by two commuting subgroupsG 0 and U(1), a function f : G c 0 → V is G c 0 -equivariant if and only if it is equivariant with respect toG 0 and U(1). As U(1) is connected, f is U(1)-equivariant if and only if it transforms accordingly with respect to the fundamental vector field ζ associated to (ii) As D ♯ is a natural differential operator and ξ is an infinitesimal sym- The assumptions in Theorem 4.4 lead to a different invariant differential equation, namely the one given in (4.4). As we observed in the proof, this differential equation comes from the fact thatξ 0 is a transversal infinitesimal symmetry of the Lie contact structure and at the same time it is the fundamental vector field corresponding to a generator of the center of Spin c (n). This is the main difference between the spin c case studied in this article and the scheme presented in the series [3] , [4] and [5] as, when one deals with PCS-quotients, the transversal infinitesimal symmetry is not "visible" downstairs on the PCS-structure but only upstairs on the parabolic contact structure. Nevertheless, as we argued above, the main idea of descending natural and linear differential operators goes through also with in the spin c case.
Elliptic complex on
In Section 5 we will prove the main result of this article. We will show (see Proposition 5.1) that there is a homogeneous PCS-structure of Grassmannian type on the Grassmannian G + 2 (R n+2 ) of oriented 2-planes in R n+2 which descends from the homogeneous Lie contact structure of type (G, P) on V 2 (R n+2 ). Application of Theorem 4.4 to the 2-Dirac complex induces (see Theorem 5.4) the complex of invariant differential operators on G + 2 (R n+2 ) that starts with the 2-Dirac operator associated to a G c 0 -structure as outlined in Introduction. The descended complex is (see Theorem 5.6) elliptic and its index is zero.
5.1. Homogeneous PCS-structure on G + 2 (R n+2 ). There is a canonical projection q : V 2 (R n+2 ) → G + 2 (R n+2 ) which sends an orthonormal 2-frame (v 1 , v 2 ) to its oriented span [v 1 , v 2 ] + . Recall Section 3.2 that V 2 (R n+2 ) is the homogeneous space of the Lie contact structure of type (G, P). Finally, we will need that K := SO(n + 2) has a canonical action on G 
Then ξ is a transversal infinitesimal symmetry and there is a homogeneous K-invariant PCS-structure (G 0 , G + 2 (R n+2 ), p 0 , θ) of Grassmannian type together with a PCS-quotient q 0 : G ♯ 0 → G 0 by ξ which covers the map q : V 2 (R n+2 ) → G + 2 (R n+2 ) given above. The underlying Grassmannian structure is the standard one and the csstructure corresponds to the ray of bundle metrics on F that contains the metric induced by the standard inner product on R n+2 .
Proof. As ξ is an infinitesimal generator of the left action, it is an infinitesimal symmetry. By the action of K ♯ on V 2 (R n+2 ) given in Section 3.2, it follows that ξ(( v 2 ) and thus, ξ is a transversal infinitesimal symmetry.
By definition, the fibers of q coincide with the orbits of the left action of Z(K ♯ ). These orbits are circles that can be also viewed as leaves for the distribution spanned by ξ. The map p As
is an extension of the principal bundle H → K → G Let us also mention that the unique compatible linear connection is the Levi-Civita connection of the symmetric Riemannian structure on G + 2 (R n+2 ). This is a special symplectic connection with holonomy contained in SL(2, R)× SO(n), see [2] for details. Proof. It is well known that for the tautological vector bundles over G + 2 (R n+2 ): w 2 (F ) = w 2 (E) = ρ(e(E)) where e(E) is the Euler class. As e(E) is the generator of H 2 (G + 2 (R n+2 ), Z) ∼ = Z, it follows that F does have a spin structure. The claim then easily follows from the discussion in Section 4.1.
We see that, as mentioned in Introduction, there is no hope to get the 2-Dirac operator which is associated to aG 0 -structure which lifts G 0 → G Proof. By construction, it is clear thatH ♯ is a subgroup of H c and by definition, H c is the preimage of the stabilizer H of x 0 in K. The restriction ofK ♯ → K ♯ to H c induces a short exact sequence 0 → Z 2 → H c → SO(2) × SO(2) × SO(n) → 0 where the last group is the usual block diagonal subgroup of K ♯ . It is easy to see that H c is isomorphic to the quotient of U(1) × U(1) × Spin(n) by the subgroup generated by (−1, −1, 1) and (−1, 1, −1). Let e it , e is , a be the class of (e it , e is , a) in the quotient so that the map ρ c n+2 | H c : H c → H is e it , e is , a → (ρ 2 (e is ), ρ n (a)). It is straightforward to verify that H c → SO(2) × Spin c (n), e it , e is , a → (ρ 2 (e is ), e i(s−t) , a ) is a bijective homomorphism of Lie groups where we use the notation set in Section 2.1. The inverse map is (e iu , e iv , a ) → e i( u 2 −v) , e iu 2 , a . Comparing this with (3.7), we have that e it , e is , a ∈H ♯ if and only if ρ 2 (e it ) = ρ 2 (e is ). Hence,H ♯ corresponds to the subgroup SO(2) × Spin(n) as claimed.
We see that G + 2 (R n+2 ) ∼ =K ♯ /H c and that the map q : V 2 (R n+2 ) → G + 2 (R n+2 ) intertwines the actions ofK ♯ on both spaces. As H c is a subgroup of G c 0 , we can extend the associated homogeneous principal bundle
. This is again a homogeneous principal bundle, i.e. there is a canonical left K ♯ -action that covers the action on G + 2 (R n+2 ).
Theorem 5.4. Suppose that n ≥ 3.
(i) The homogeneous G c 0 -principal bundle p c 0 :
(R n+2 ) constructed above is a lift of the principal bundle of the homogeneous PCSstructure of Grassmannian type from Theorem 5.1.
(ii) The associated determinant circle bundle is isomorphic to q :
) is isomorphic to the principal bundle of the homogeneous Lie contact structure of type (G,P) on V 2 (R n+2 ).
(iii) Let (V λ i , ̺ c i ) be the G c 0 -modules that are via (2.6) associated to thẽ
ofK ♯ -invariant linear differential operators. The first operator in the sequence is the 2-Dirac operator associated to the G c 0 -structure. Proof. (i) By the proof of Lemma 5.3, it follows that ρ c n+2 | H c : H c → H equals to Id SO(2) ×ρ c n . It is then straightforward to verify that the canonical
The total space of the associated circle bundle is
. The short exact sequence 0 →H ♯ → H c → U(1) → 0 shows that the last space is the quotient ofK ♯ by the right action ofH ♯ , i.e. this isK ♯ /H ♯ ∼ = V 2 (R n+2 ). Similarly we find that G c 0 =K ♯ × H c G c 0 ∼ =K ♯ × SO(2) GL + (2, R) ∼ =K ♯ ×H ♯G0 and the last space is isomorphic to the total space of the principal bundle of the homogeneous Lie contact structure of type (G,P).
(iii) Let α be the contact form associated to the transversal infinitesimal symmetry ξ from Proposition 5.1. Then on one hand, q : V 2 (R n+2 ) → G + 2 (R n+2 ) is a principal U(1)-bundle with a principal connection iα and on the other hand, it is the map underlying the PCS-quotient from Proposition 5.1. Hence, the underlying cs-structure on G σ(D 2 , X)(ψ 1 , ψ 2 ) = (−X 2 .X 1 .ψ 1 + X 1 .X 1 .ψ 2 , −X 2 .X 2 .ψ 1 + X 1 .X 2 .ψ 2 ), σ(D 3 , X)(φ 1 , φ 2 ) = −X 2 .φ 1 + X 1 .φ 2 where the dot denotes the standard action of R n on S and we view R 2 ⊗ S as the vector space of pairs of spinors.
Proof. The point u ∈ G c 0 also determines isomorphisms (V Notice that the 2-Dirac complex is in [11] computed over an affine subset of the homogeneous space with respect to the very flat Weyl structure and this is not the Weyl structure determined by the transversal infinitesimal symmetry ξ. However, the symbol of each operator in the complex is independent of the choice of Weyl structure and so we can use in the proof of Lemma 5.5 the result.
Theorem 5.6. The complex (5.1) is elliptic and its index is equal to zero.
Proof. It can can be verified directly that the symbol sequence is exact. However, it is more convenient to argue as in the proof of Lemma 5.5 since then it is clear that the exactness of (5.2) is equivalent to the exactness of the symbol sequence of the 2-Dirac complex with respect to each non-zero vector from H * . The latter claim is proved in [11, Section 6.3] .
It remains to show that the index is equal to zero. We reduce the structure group of G c 0 → G + 2 (R n+2 ) to H c . Then V 0 ∼ = V 3 and V 1 ∼ = V 2 are isomorphic as H c -modules. Then we can compute (see [1] ) the index using the AtiyahSinger index formula for G-structures. Here we need that G + 2 (R n+2 ) is an orientable compact manifold and that T G + 2 (R n+2 ) is associated to H cstructureK ♯ → G + 2 (R n+2 ). Using the duality in the complex, the claim follows.
